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Gravitational radiation is a direct result of the theory of gravitation [1, 2] and, even if not
yet directly observed, its existence has been indirectly inferred from the change of orbital
parameters in binary star systems [3]. Potential gravitational wave sources [4] can emit
intense and short bursts, such as collapsing massive binary stars or supernova explosions, and
continuous waves of much lower amplitudes, such as stable binary stars or non-axisymmetric
spinning stars.
It is well known that the Einstein's equation governing the gravitational eld contains
strong nonlinearities. The nonlinear eects will, of course, be more relevant to the short
bursts, containing only a few cycles of radiation, and associated with the more catastrophic
events. It is also known that nonlinear gravitational waves of the soliton type can be excited
[5, 6, 7, 8]. We have learned, however, from the more common situations of nonlinear
optics [9], that the excitation of solitons depends very critically on the balance between
the dispersive and the nonlinear eects. Even if the gravitational solitons do not seem
to display such a balance and behave much more like superpositions of linear waves [10],
they nevertheless correspond to particular solutions. And, with the exception of the soliton
representation of cosmological solutions [11, 12, 13], which are pertinent to the large scale
structure of the universe, it is very unlikely that solitons will spontaneously be excited by
local gravitational wave sources.
It is therefore quite plausible in physical terms to consider the problem of gravitational
wave-packets of arbitrary shape. This will be considered here. In order to understand their
typical behavior, and to describe the main physical pictures of their spectral evolution, we
concentrate here on the simplest possible situation: that of propagation in a at space-time.
We are not interested in the wave generation phenomena, for which there exists a standard
powerful formalism [14] valid even in strongly curved regions, nor in the propagation of
gravitational waves in strongly curved regions. Here we want to focus on regions far from
the sources, where the background is approximately at. This allows us to simplify consid-
erably the problem but still retaining some important physical features. We will try then
to establish clear analogies with the well known concepts of nonlinear optics. In particular,
the nonlinear gravitational susceptibilities will be established and the nonlinear wave mix-
ing processes will be considered. Explicit analytical solutions for the processes of self-phase
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modulation and of high-order harmonic cascades will be derived.
II. BASIC EQUATIONS






















where the comma stands for ordinary derivative, and the Christofell symbols are determined


























We are considering a at space-time, perturbed by a small amplitude gravitational wave.










j  1, and:

00
= 1 ; 
ii
=  1 (i = 1; 2; 3) ; 
ij
= 0 (i 6= j): (4)

























































The nonlinear term R
LN
ik
contains second, third and higher order nonlinearities. This




































































































































We could go on to higher orders but as we assume jh
ij
j  1, these terms become less
important. Furthermore, stopping at third order suÆces, as we will show, to uncover some
truly non-linear and interesting aspects of gravitation.























































III. NONLINEAR WAVE COUPLING
Equation (12) predicts the possibility of several types of nonlinear gravitational wave










coexist in the same region of at space-time. Here a(n) are slowly varying amplitudes,

ij





= 1, and q
k
(n) are the four-wavevectors
associated with the interacting waves n = 1; 2; 3:::








(n) + c:c: (14)
In order to determine the evolution of the amplitudes a(n), we can construct envelope






























(n) = 0; (16)






















The nonlinear coupling coeÆcient v(1) is determined by R
(2)
ij
, equation(8). It can be
veried that v(1) = 0, which means that the three wave coupling is forbidden. We can
use the hard way, by calculating explicitly R
(2)
ij
, or the easy way, by noting that at space-
time is a centro-symmetric medium and therefore, like in optics, it has no second order
susceptibility. We then proceed to the next order of nonlinearity, and write the envelope


























and the coupling coeÆcient w(1) is determined by R
(3)
ij
. Similar equations given the other
three wave amplitudes. In order to derive explicit results, we assume wave propagation along
a given direction x
1


























) = exp(iqx  i
t): (21)










































































































(3)]g+ permutation(2; 3; 4): (26)
This is a very complicated expression, where the last term represents two terms formally
identical to the rst one, and obtained by permutation of the indices 2; 3 and 4. It is







An important particular case is obtained when the modes n = 1; 2; 3; 4 coincide. The








It is instructive to compare it with the envelope equation for an optical pulse (for instance
a laser pulse), with central frequency !
0
, propagating in a nonlinear medium with group
velocity v
0



















































Comparing with equation (28) we conclude that the equivalent nonlinear susceptibility
of the at space-time, which would be the gravitational wave version of the electromagnetic
susceptibility 
(2)





This means that he gravitational eld is extremely nonlinear and that we expect to observe
the same nonlinear eects as in optics at a much lower wave amplitudes. In particular, we
can follow the usual optical approach and obtain a wavepacket solution of the form:
a(x; t) = a(z) exp [i(z; t)] ; (31)
where the nonlinear phase is:








This means that a gravitational wavepacket, even of very small amplitude, will suer a self-
phase modulation such that its central frequency 
 will not remain xed but will change
















































It contrast with what usually occurs in nonlinear optics, this frequency shift will be
positive at the pulse front (z > 0), and negative at the pulse rear (z < 0). We also see that,
for very large propagation times t this shift can be quite signicant, 
  
(0), even for
weak gravitational perturbations, a  1, due to the already noticed strong nonlinearities.
To be quantitative, let's see what conditions have to be fullled in order to have the same






























is a length travelled by light in usual experiments, and d
grav
is the length travelled























where the distance is now measured in Kpc. For a gravitational wave produced by any
reasonable astrophysical event, our best expectations [14] give a  10
 21
, as the wave arrives
on Earth. But, along its path from the radiation source to the Earth, its amplitude will
remain signicantly higher over large distances. It seems therefore very likely that such an
eect will indeed take place.
V. HARMONIC CASCADE
Another possibility of nonlinear gravitational wave coupling is the generation of a large
spectrum of harmonics of the initial frequency 

















Four wave mixing between these dierent harmonics will occur, where a perfect phase-











(n)] = 0: (40)
For the present case, an envelope equation for the amplitudes of the dierent harmonics
can be derived, in the same way as equation (19). Assuming that the fundamental and the
rst harmonics are dominant, jh
ij
(n = 1; 2)  h
ij
(n 6= 1; 2), we can retain only two of the











a(n) = w(n) [a

(1)a(2)a(n  1) + a(1)a

(2)a(n+ 1)] : (41)






where I and Æ are real. In order to get order of magnitude analytical solutions, let us assume
that w(n) / q(n), and let us also neglect the amplitude variations of the dominant modes,


























= w [b(n  1)  b(n+ 1)] : (46)
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b(n) = b(n  1)   b(n+ 1): (47)
An adequate solution will then be given in terms of Bessel functions of the rst kind
J
n
( ), such as:







where the two constants A an A
0
are determined by the initial conditions:
A = a(n = 1;  = 0) ; A
0
= a(n = 2;  = 0); (49)
and all the other harmonic wave amplitudes as assumed to be initially equal to zero: a(n 6=







It is then an adequate, if if particular, solution to the problem of harmonic generation of
low amplitude gravitational waves propagating in a at space-time.
VI. CONCLUSIONS
Nonlinear wave coupling of gravitational waves was considered in this work. The problem
of low amplitude waves in at space-timewas examined, in order to extract the main physical
consequences with the simplest possible formal complexity and to establish clear connections
with the well known eects occurring in nonlinear optics.
In particular, the gravitational equivalent to the optical second and third order suscepti-
bility was derived. It was shown that the second order gravitational susceptibility is equal
to zero and, consequently, the process of three nonlinear wave coupling is forbidden. This
is not surprising because the at space-time background considered here can be seen as
a centro-symmetric material medium. This property will eventually disappear in curved
space-time.
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In contrast, the gravitational third order susceptibility was shown to be equal to one,
thus meaning that the at space-time is a strongly nonlinear medium. As in optics, four
wave mixing processes can then be considered. But, unlike the case of optical phenomena,
these wave mixing processes can become relevant even for very low wave amplitudes. The
particularly important cases of generation of harmonic cascades and of self phase modulation
were considered, and explicit analytical solutions were derived. They show that a signicant
spectral broadening and spectral energy dilution can then take place, specially in the vicinity
of radiation sources where the wave amplitudes are non-negligible. Such energy dilution is
not considered in the usual estimates for gravitational wave detection [4, 15] and could
eventually lower the prospects for direct observation of these waves near the Earth.
Finally, it should be noticed that self phase modulation occurring in optics can be de-
scribed as a particular example of photon acceleration [16, 17]. In analogy, the present result
showing the existence of self phase modulation of gravitational wave pulses could also be
interpreted as graviton acceleration. This aspect will be explored in a future work.
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